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We formulate a quantitative theory of an electromotive force of spin origin, i.e., spin- motive force, by the 
equation-of-motion approach. In a ferromagnetic metal, electrons couple to the local magnetization via the 
exchange interaction. The electrons arc affected by spin dependent forces due to this interaction and the spin- 
motive force and the anomalous Hall effect appears. We have revealed that the origin of these phenomena is 
a misalignment between the conduction electron spin and the local magnetization. 
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The study of the spin dependent transport properties 
of ferromagnets is one of the most importrant subjects 
from both a fundamental and an application points of 
view. In a ferromagnetic metal, the spin of a conduction 
electron interacts with the local magnetization through 
the exchange coupling, and this interaction strongly af- 
fects the electron charge dynamics. Recently, an electro- 
motive force of spin origin which is called a spin-motive 
force, has been theoretically predicted^ and experimen- 
tally observed^ 3 -. The spin-motive force reflects the con- 
version from the magnetic energy of a ferromagnet to 
the electric energy of electrons. The spin-motive force is 
essentially due to the exchange interaction between the 
electron spin and the local magnetization and provides a 
new concept of electric devices. 

In this paper, we show that the origin of the spin- 
motive force is a misalignment between the electron spin 
and the local magnetization by using the equation-of- 
motion approach. We investigate a force acting upon an 
electron due to the exchange interaction, which accel- 
erates electrons in the direction in which the exchange 
energy decreases. We derive the formula of the force, 
which is spin dependent. The spin dependent force con- 
sists of a driving force and a Lorentz type force which 
contribute to the spin-motive force and the anomalous 
Hall effect 4 ""— , respectively. 

The exsistence of such spin dependent forces has been 
argued in the past studies^ 2 ^— . However, our approach 
provides a more intutitive and physical understanding 
of the origin of the spin-motive force; if a misalignment 
arises between the electron spin and the local magnetiza- 
tion, spatial inhomogenity of the electric potential energy 
appears due to the spatial inhomogenity of the exchange 
energy. 



MODEL CALCULATION 

As disccused above, in a ferromagnet the electron spin 
couples to the magnetization via the exchange interac- 
tion. We treat this interaction in the s-d Hamiltonian 
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where p, m , J and cr are the momentum operator, the 
electron mass, the exchange coupling energy and the 
Pauli's matrices, respectively, the unit vector of the mag- 
netization direction is represented by m which has spatial 
and time dependence. 

In order to examine the electron dynamics, we consider 
the equation of motion of the electron which is obtained 
by the Heisenberg equation as 

fi = mdfxi 

Tfl 

= [[ Xi ,H],H] 

(ih) 

= Vj (Jcr ■ m) 

= (Vj J) cr ■ m + JV t (cr ■ m) , (2) 

where Xi and /, are the z-components (i = x, y, z) of the 
position and "force" operators for the electron, respec- 
tively. The "force" is given by the spatial derivative of 
the exchange energy; the electron is accelerated in the di- 
rection in which the potential energy —Jcr ■ m decreases. 
The first term in Eq. ([2]) reflects the spatial inhomogen- 
ity of the exchange energy J [Fig. QJa)], while the sec- 
ond term comes from the spatial inhomogenity of cr ■ m 
[Fig. QJb)]. Hereafter, we consider the case in which the 
J is constant and focus on the effects of the second term. 
The net force acting upon the electron is 



(f i ) = J(cr)-V i m. 



(3) 



The expected value (• ■ ■} means Tr(p • • •), p is the 2x2 
density matrix in the spin space, and (cr) is the unit 
vector of the electron spin direction. 

To calculate the force ([3]), we have to determine the 
dynamics of the magnetization m and the electron spin 
(cr). It is well known that the magnetization m obeys 
the phenomenological Landau-Lifshiz (LL) equation 



d t m = —jm x H — Xm x (m x H) 
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FIG. 1. Forces acting upon an electron spin <r due to the 
exchange coupling J with the local magnetization m. 



where 7 is the gyromagnetic ratio, A the damping con- 
stant, and H = —(l/Als[J,o)5F/5m is the effective mag- 
netic field which includes the external field, the exchange 
field due to the ferromagnetic coupling, and any other ef- 
fects that are described in the free energy F[Msm]. Ms 
and /io are the saturation magnetization and the mag- 
netic constant, respectively. Once the explicit form of 
the free energy F[Msm] is given, the magnetization dy- 
namics m can be obtained by solving Eq. (QJ. 

The remaining work is to determine the electron spin 
dynamics {cr), which prefers to be parallel to the mag- 
netization m due to the strong exchange interaction be- 
tween them. Before concrete disccusions, let us make a 
point. In general, the electron spin (cr) is expressed as 
(<t) = Cm + D8m, where 8m is a unit vector perpen- 
dicular to m, and C and D are coefficients (\C\ ^> \D\). 
The component Cm does not contribute to the force ([3]) , 
because m-V^m = 0. In ohter words, if the electron spin 
is exactly parallel to the magnetization at every time and 
space, the electron's energy is the same always and ev- 
erywhere, and the electron does not feel any force. This 
means that what causes the force is the off-diagonal com- 
ponent of the electron spin with respect to the magneti- 
zation, i.e., the misalignment between them. 

According to the Heisenberg equation, the equation of 
motion of the electron spin is 



9t (cr) = — (cr) x m (x, t) . 



(5) 



This expression shows the Larmor precession of the con- 
duction electron spin around the magnetization. Actu- 
ally, in addition to the precession torque, the electron 
spin feels a damping torque to the magnetization. To 
obtain an analytical form of the electron spin dynam- 
ics without solving Eq. ([5]) in a straightforward manner, 
let us consider the problem in a more convenient coor- 
dinate system in which the magnetization is parallel to 
the z-axis at every time and space. Such an operation is 
realized by a SU(2) local gauge transformation ip \-t Uip, 
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FIG. 2. The misalignment between the electron spin cr and 
the local magnetization m. 



where U = exp(ia y 6 (x,t) /2) exp (icr z tp (x, t) /2), 9 and 
<p are defined by m — (sin#cos(/?, sin 9 simp, cos 9), and 
-0 is a two component spinor. 

After performing the gauge transformation, the Hamil- 
tonian in the rotational frame is 



W = UUU^ - ihU (dtU 1 ) 
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where 
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p ■ A x + A x ■ p 

P-Ay + Ay-P 

p ■ A z + A z ■ p 
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The SU(2) pure gauge fields, iHU (VC/ t ) = a x A x + 
(j y Ay + o z A z and — ihU {d t U^), arise as a result of the 
gauge transformation. The superscript ' denotes a vector 
in the rotational frame, for instance, m! = (0, 0, 1). 

Equation ^ indicates that when the magnetization 
depends upon time, the electron spin feels the effective 
magnetic field Jm' + d' in the rotating frame. Therefore, 
in reality, the electron spin precesses around the effective 
magnetic field Jm' + d rather than the magnetization 
Jm' . If the magnetic texture is smooth and slow enough, 
we can adopt an adiabatic approximation in which (cr) is 
approximated to be parallel or antiparallel to the effec- 
tive magnetic field at every time and space; a normalized 
electron spin is 
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where j" (\) stands for the majority (minority) spin with 
respect to the local magnetization and corresponds to 
+(— ) in the right-hand side. Here, we replace p-Ai+Ai-p 
by 2Ai ■ mv, where v is the averaged velocity vector of 
electrons. The expression for (<r) in the laboratory frame 
is obtained by the 0(3) rotation as 
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That is, the electron spin has the off-diagonal component 
with respect to the magnetization, d/J (FIG. [2]). 

By substituting Eq. §§§ to Eq. ©, the force can be 
expressed only by the magnetization dynamics as 



(fi) n = ±- (m x d t m) ■ V,m -etix B n , 



where 



(B n ). = T — e^ fc m • (Vj-m x V fc m) . 



(10) 
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The first term in Eq. (|10[) is a spin dependent driving 
force, which contributes to the spin-motive force. On the 
other hand, the second term in Eq. (|10[) is the Lorentz 
type force due to the spin dependent magnetic field B^±, 
produced by the non-coplanar magnetization configura- 
tion as Eq. (jlip . and the transverse conductivity appears, 
i.e., the anomalous Hall effect 4-8 . If the spatial variance 
of the magnetization dynamics is slow enough, Eq. (fTTT) is 
proportional to the solid angle subtended by the magne- 
tization triangle, m^ ■ ijn-i x m 3 ), which is called scalar 
chirality. m,j represents the magnetization at site i. 

Here we summarize how to calculate the spin-motive 
force. As an example, we demonstrate a numerical cal- 
culation of the spin-motive force due to the field induced 
domain wall motion in a ferromagnetic thin wire. First, 
we have to know the magnetization dynamics m by solv- 
ing the LL equation ((4]) in a given condition [Fig. [31(a)]. 
Then, the spin dependent force acting upon an electron 
in each time and space can be calculated by Eq. (ITU1) . 
The spin-motive force is obtained by the spatial differ- 
ence of the electric potential V [Fig. [31(b)], which is given 
by the Poisson equation -^ V • (/L = AV— . Here, e and 
P are the elementary charge and the spin polarization of 
the conduction electrons, respectively. 



SUMMARY 

In summary, we have disccussed the electron charge dy- 
namics in ferromagnets by using the equation-of-motion 
approach, and derived a general formula of the spin de- 
pendent force acting upon electrons due to the exchange 
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FIG. 3. Numerical calculations of the spin-motive force with 
the domain wall motion in a NigiFei9 thin wire, (a) The 
magnetization configuration at a certain time. Pink arrows 
indicate the local magnetizations. An external magnetic field 
H = 150 Oe is applied along the wire direction. The material 
parameters are : P = 0.6, Ms = IT, the exchange stiffness is 
A — 1.3 x 10~ n J/m, the Gilbert damping constant a — 0.01 
and 7 = 1.76 x 10 11 Hz/T. We used OOMMF code 18 and the 
unit cell size is 4 x 4 x 5 nm 3 . (b) The electric potential distri- 
bution corresponding to the magnetization dynamics shown 
in (a). 



interaction. It has been revealed that the origin of the 
spin-motive force is the misalignment between the elec- 
tron spin and the local magnetization. 
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